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How to prepare deterministically non-Gaussian entangled states is a fundamental question for
continuous-variable quantum information technology. Here, we theoretically demonstrate through
numerical methods that the triple-photon state generated by three-photon spontaneous parametric
down-conversion is a pure super-Gaussian resource of non-Gaussian entanglement. Interestingly,
the degree of entanglement between the modes of the triple-photon state is stronger than that cor-
responding to the two-mode squeezed vacuum state produced by a quadratic Hamiltonian with the
same parameters. Furthermore, we propose a model to prepare two-mode non-Gaussian entangled
states with tunable non-Gaussianity based on quadrature projection measurements.
Early development of continuous-variable quantum
information technologies (CV-QIT) mainly focused on
Gaussian states and Gaussian operations [1, 2], achieving
remarkable accomplishments [3–5]. In CV-QIT, informa-
tion is encoded in the amplitude and phase quadratures
of optical fields, and retrieved by homodyne detection.
Non-classical sources in CV-QIT are generally single-
mode squeezed and two-mode entangled states. They
are Gaussian states because the associated quadratures
exhibit normal distribution. The combination of Gaus-
sian states and Gaussian operations provides a complete
framework for many CV-QIT protocols [6–12]. However,
there has been growing awareness of some important in-
herent limitations of this Gaussian framework, such as
quantum distillation [13], which is an essential proto-
col for long-distance quantum communication, especially
quantum key distribution. A prominent no-go theorem
states that Gaussian operations can not distill Gaussian
states [14]. It has been demonstrated that non-Gaussian
(nG) sources and operations are necessary to achieve uni-
versal CV quantum computation [15–19].
Since the available resources for CV-QIT are by nature
mostly Gaussian, one must rely on degaussification via
quantum nonlinear processes to produce nG resources.
Ourjoumtsev et al. used photon subtraction as nG op-
eration to prepare and increase entanglement between
two Gaussian states [20, 21]. So far, photon subtraction
and addition have been employed to prepare various op-
tical nG states, such as superposition of coherent states
[22–25], hybrid entanglement [26, 27], and multimode nG
states [28]. However, one of the main advantages of CV-
QIT is determinism, but the probabilistic degaussifica-
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tion protocol losses this key feature.
A promising quantum technology that can determinis-
tically generate nG states is the triple-photon generation
(TPG) process, in which a pump photon ωP is down-
converted simultaneously into a triplet (ωA, ωB and ωC)
with phase-matching conditions ωP = ωA+ωB +ωC (en-
ergy conservation) and ~kP = ~kA + ~kB + ~kC (momentum
conservation). Douady et al. [29] firstly demonstrated
the existence of phase-matched TPG in the KTiOPO4
crystal in the regime of double seeding. Recently, the
outstanding work of observing spontaneous TPG in a su-
perconducting parametric cavity was reported by Sandbo
Chang et al. [30]. In a fully degenerate configuration,
the Wigner function of the triple-photon state (TPS) ex-
hibits negativities [30–32], a clear signature of nG statis-
tics, which is impossible to achieve by second-order down-
conversion (SODC) and linear optics. Nonlinear steering
has been proposed and verified based on a partially de-
generate configuration [33]. Bencheikh et al. revealed the
relationship between Gaussian entanglement and both
number of seeded modes and intensity in the nonde-
generate case [34]. However, a deeper insight into the
physics of nondegenerate TPS in the spontaneous para-
metric regime is still missing, and whether such states
are nG or exhibit entanglement is not clear.
In this letter, we theoretically demonstrate through nu-
merical methods that TPS is a pure super-Gaussian re-
source of nG entanglement. We show in particular that
the degree of entanglement of TPS is higher than the
two-mode squeezed vacuum state produced by the SODC
with the same interaction parameters. We also reveal
how a two-mode nG entangled state with tunable non-
Gaussianity is prepared by performing simple quadrature
projection measurements, and how the entanglement and
nG level of the generated states depends on the measure-
ment of quadratures.
We start our analysis by considering the interaction
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FIG. 1. (a) Quadrature joint probability distribution of modes A, B, and C for interaction strength ξ = κtαp = 0.3. The
photon number distribution of mode A in linear and log scales for (b) ξ = 0.3, (c) ξ = 0.5, (d) ξ = 0.7, where modes B, C, and
P are traced out. Black and red histograms represent TPS and SODC, respectively, as in the others following curves. (f), (g)
and (h) are respectively the marginal distribution of the photon number states represented by (b), (c) and (d). The insets on
the left and right in (f), (g) and (h) are respectively the Wigner functions of mode A of TPS and SODC. The mean photon
number (e) and Mandel Q parameter (i) of mode A.
Hamiltonian describing the nondegenerate TPG process
Hˆ = i~κ(3)(aˆ†bˆ†cˆ†pˆ− aˆbˆcˆpˆ†), (1)
where κ(3) is the third-order coupling constant that de-
scribes the strength of the nonlinear interaction. The an-
nihilation operators aˆ, bˆ, cˆ and pˆ describe respectively the
three down-converted modes and the pump mode. Using
this Hamiltonian, the Schro¨dinger equation is solved to
deduce the final state of system at time t when consider-
ing that the initial state is vacuum for the triplets and a
coherent mode αp for the pump. The evolution equation
can be numerically solved by the Monte Carlo method
[35–38]. Figure 1(a) shows the quadrature joint proba-
bility distribution corresponding to the modes A, B, and
C. The distribution, which was initially spherical in the
3D plot – modes A, B, and C are initially vacuum states
– is now very complex exhibiting star shapes and inter-
ferences, indicating quantum correlations between them.
We will now discuss the quantum properties of a single-
mode of TPS. For comparison, we also present the pho-
ton number distribution of the twin modes generated
by SODC and described by the Hamiltonian HS =
i~κ(2)(aˆ†bˆ†pˆ− aˆbˆpˆ†), where κ(2) is the second-order non-
linear interaction strength. To facilitate the comparison
of the physical properties of TPS and SODC, we assume
κ(2) = κ(3) = κ. Figure 1(b), 1(c) and 1(d) show the
photon number distribution of mode A in linear and log
scales for interaction strengths ξ = 0.3, 0.5 and 0.7, where
ξ = κtαp. These processes could be obtained by consid-
ering the third-order nonlinear material in a high-finesse
cavity or an optimized superconducting parametric cav-
ity. These photon number distributions of TPS (in black)
are quite different from the exponential decay of SODC
(in red), the Poisson distribution of coherent states or
the Bose-Einstein distribution of thermal states [39, 40].
With the increasing of the interaction time, the shape of
photon number distribution of TPS gradually goes from
an arc to an ’v’ shape in the log scale, whereas it is al-
ways linear for SODC. This nonlinear photon number dis-
tribution has implications on the marginal distributions
(black) represented in Figs. 1(f), 1(g) and 1(h) along
with the Gaussian marginal distribution (red) of SODC.
As the interaction strength increases, the marginal dis-
tribution of TPS becomes nG, exhibiting a higher peak,
narrower shoulders and longer tails. The TPS displays a
super-Gaussian distribution in the quadratures, demon-
strating thus the nG nature of nondegenerate TPS. An-
other interesting feature is that although the proportion
of vacuum state in the TPS is relatively high, its mean
photon number is still lager than that of SODC due to
the long-tailed distribution, as shown in Fig. 1(e). Fig-
ure 1(i) shows the Mandel parameter QM of TPS, which
is defined as QM = (〈∆2n〉/〈n〉)−1 [40]. The QM of TPS
is always greater than zero, indicating the super-Poisson
distribution character of the photon number fluctuations.
Besides, the noise fluctuation of the TPS is higher than
that of SODC under the same mean number of photons.
After studying the single-mode properties of the TPS,
we focus on its multimode nG and entanglement features.
As shown in Figs. 1(f), 1(g) and 1(h), it is difficult to
qualitatively grasp the super-Gaussian nature of the TPS
from the Wigner function. This is in contrast with pho-
ton subtraction or addition, where the negativity of the
Wigner function at the origin of the phase space is a
signature of non-Gaussinity. Thus, a measure of non-
Gaussianity based on a different model is necessary here.
We employ the quantum relative entropy (QRE) to quan-
tify the nG nature of the TPS. The QRE between a given
quantum state % and a reference Gaussian state γ is de-
fined as follows [41]
δ[%] = EvN (γ)− EvN (%), (2)
where EvN (%) = Tr[% ln %] is the von Neumann entropy
(vNE), and γ has the same covariance matrix and the
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FIG. 2. (a) QRE and (b) entanglement of states generated by
TPG and SODC, respectively. ν− is the smallest symplectic
eigenvalue of the partially transposed covariance matrix of the
TPS.
first moments as %. The vNE of a Gaussian state with
covariance matrix γ and symplectic eigenvalue νj is
EvN (γ) =
n∑
j=1
f(νj), (3)
where f(x) = (x+ 12 ) ln(x+
1
2 )− (x− 12 ) ln(x− 12 ).
Let us first consider the SODC process. The vNE (en-
tanglement entropy) of the two-mode squeezed vacuum
is [39]
ESvN = cosh
2(ξ) ln cosh2(ξ)− sinh2(ξ) ln sinh2(ξ). (4)
Figure 2(a) shows in red the QRE [δ(%SODCAB ) =
ESvN (γAB)−ESvN ] of SODC [See the Supplemental Mate-
rial for detail], where ESvN (γAB) represents the vNE of a
reference two-mode Gaussian state. Not surprisingly, it’s
equal to zero for all interaction time since γAB = %
SODC
AB .
Any single-mode element of SODC is in a thermal state,
and the vNE is ESvN (%A/B) = E
S
vN . Similarly, the QRE
of single mode [δ(%SODCA )] is equal to zero, as shown in
Fig. 2(a) in dashed green line. Thus, for every Gaussian
state independently of the number of modes, the QRE is
zero.
When the interaction strength is small, the TPS can be
approximated as |ψT 〉 ≈ (|000〉+ξ|111〉+ξ2/2|222〉)ABC .
The entanglement entropy of the TPS is still equal to the
vNE of each subsystem. Due to the symmetry of the
system, we obtain ETvN (ρA/B/C) = E
T
vN (ρAB/BC/AC).
Thus, the QRE mainly depends on the vNE of the refer-
ence Gaussian state. For the TPS represented by |ψT 〉,
the covariance matrix related to the reference Gaus-
sian state is γABC =Diag(λ, · · · , λ), where λ = 3ξ2 +
5ξ4/4. The vNE of the reference Gaussian state satisfy
the relationship ETvN (γABC) = 3E
T
vN (γAB/BC/AC)/2 =
3ETvN (γA/B/C). Therefore, we can deduce a mathemati-
cal relation of the QRE between the TPS and its subsys-
tems, given by:
δT (ρABC)− δT (ρAB) = δT (ρAB)− δT (ρA). (5)
Figure 2(a) displays the evolution of QRE as a function
of the interaction strength. We see that the QRE of TPS
increases monotonically throughout the interaction time.
For its subsystems ρAB and ρA, their QRE still exists as
shown in Fig. 2(a) by the brown and blue lines, respec-
tively. The different results in Fig. 2(a) are calculated
numerically without any assumption on the evolved state,
validating the relation of Eq. (5).
Next, we show that the TPS is not only nG, but also
entangled. As an entanglement witness we use the loga-
rithmic negativity defined as EN = ln ||%TA ||1 [42], where
%TA is the partial transpose over mode A and || · ||1 is the
trace norm. Obviously, the modes A, B and C are entan-
gled and are typically the GHZ state. This is shown in
the logarithmic negativity plots in Fig. 2(b) (black). On
the other hand, the minimum symplectic eigenvalue ν−
of the partially transposed covariance matrix of TPS is
greater than or equal to 1/2 [aˆ = (XˆA + iPˆA)/
√
2] for all
interaction time [dashed line in Fig. 2(b)], which means
that there is no Gaussian entanglement among the modes
A, B and C [43]. This is consistent with the experimen-
tal results [30]. The reason for this is that the quantum
correlations of the TPS are purely nG, not detected by
Gaussian-type inseparability criteria. Higher-order cu-
mulants need to be calculated for nG statistics. Remark-
ably, for the same interaction strength, although the TPS
contains more vacuum noise, its degree of entanglement
is higher than that of the SODC due to the long-tailed
distribution. Another feature is that when one mode is
traced out, the remaining two modes are not entangled,
although they are nG, which is also a distinctive signa-
ture of GHZ state. The evolution of the entanglement of
the TPS versus the losses is discussed in the Supplemen-
tal Material [44].
Nowadays, photon addition and subtraction are the
most effective ways to prepare two-mode nG states, as it
has been implemented in many experiments and used as
a common method for quantum distillation. However, to
the best of our knowledge, the nG properties produced by
these methods are not readily tunable. In our proposal,
the projection induced by the measurement of a quadra-
ture allows the nG properties to be tuned continuously.
Figure 3(a) shows the dynamic evolution of the QRE
of the conditional two-mode (%CAB) and arbitrary single-
mode (%CA/B) versus the projection measurement XC of
mode C. For the outcome XC = 0 in the homodyne de-
tection, the probability distribution is the largest, δ[%CAB ]
is great than zero. In the vicinity of XC = 0, as |XC | in-
creases, the photon number distribution of %CAB gradually
tends to decay exponentially, making δ[%CAB ] decrease.
This is a gaussification process. As |XC | continues to in-
crease, %CAB starts to deviate from the exponential decay
distribution, thus the QRE increases significantly, corre-
sponding to the degaussification process. The QRE of
mode A shows an evolution law similar to that of δ[%CAB ]
if mode B is traced out. In the insets (a1), (a2), (a3),
and (a4) of Fig. 3(a), we plot the Wigner functions of
mode A for values of XC = 0, 1, 2 and 3, respectively.
The nG signature exhibited by the Wigner functions be-
comes more and more obvious [From (a2) to (a4)], albeit
4(b)
(c)
(a1) (a2)
(a3) (a4)
(a)
XC=0 XC=1
XC=2 XC=3
XA
P
A
FIG. 3. (a) The QRE of conditional two-mode ρCAB (red line) and ρ
C
A (blue line) versus XC when ξ = 0.3. The insets show the
Wigner functions of projected mode A when XC=0 (a1), 1 (a2), 2 (a3) and 3 (a4) (Mode B is traced out), respectively. (b)
The logarithmic negativity is greater than 0 for all projection measurements indicating entanglement between modes A and B.
(c) The quadratures displays EPR steering when XC ≥ 1, and are not EPR steerable when XC = 0. The jitter in (b) and (c)
is caused by a lower probability of projection measurement when ξ is small.
no negativity appears.
Besides, %CAB is inseparable and describes entangle-
ment between modes A and B as shown in Fig. 3(b)
representing the logarithmic negativity EN as a func-
tion of the interaction strength and for different XC out-
comes. With fixed interaction strength, EN (%
C
AB) in-
creases monotonically with the increase of XC . However,
compared to the TPS, EN (%
C
AB) is reduced whenXC = 0.
This is because the projection measurement XC = 0 will
increase the vacuum noise. For the XC ≥ 1, EN (%CAB) is
significantly increased compared to the TPS.
For comparison, we studied the linear steering of
%CAB [45], defined as RA|B = ∆(XA + gB,XXB)∆(PA +
gB,PPB) < 1, where gB,X and gB,P are optimized real
numbers. The quadrature mode A is steerable by mode
B if RA|B < 1. In Fig. 3(c), we see that the quadra-
tures of mode A is steerable by B within a short interac-
tion time when the projection measurement outcomes are
XC = 1, 2, and 3. Interestingly, we find that the RA|B is
always greater than one under XC = 0, that is, there is
only nG entanglement between modes A and B. Consid-
ering that the TPS contains only nG entanglement, the
homodyne detection XC = 1, 2 and 3 introduce Gaus-
sian component to %CAB , resulting in the coexistence of
nG and Gaussian entanglement.
To visualize the dynamic evolution of nG and entan-
glement characteristics of %CAB with the projection mea-
surement, we plot the Wigner function of %CAB for the
values of XC = 0, 1, 2 and 3 in Fig. 4. For an out-
come on XC = 0, W (XA, 0, XB , 0) [See Fig. 4(a1)]
and W (0, PA, 0, PB) [See Fig. 4(b1)] reveal a quadru-
ple symmetry (super-Gaussian), and that the amplitude
and phase quadratures do not exhibit any correlation,
which is also confirmed by the steering in Fig. 3(c).
For the values of XC = 1, 2, and 3, W (XA, 0, XB , 0)
[From Fig. 4(a2) to 4(a4)] shows that the amplitude
quadratures are correlated while the phase quadratures
are anti-correlated inW (0, PA, 0, PB) [From Fig. 4(b2) to
4(b4)]. Importantly, the correlation gradually increases
with the increase of XC . Finally, we also show 3D plots
XC=0 XC=1 XC=2 XC=3
(a1) (a2) (a3) (a4)
XC=0 XC=1 XC=2 XC=3
(b1) (b2) (b3) (b4)
(c) (d)
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FIG. 4. Wigner functions of conditional two-mode. (a1)-(a4)
are the Wigner functions W (XA, 0, XB , 0) for values of XC =
0, 1, 2 and 3, respectively. (b1)-(b4) are same as (a1)-(a4) but
W (0, PA, 0, PB). (c) and (d) are 3D plots of W (0, PA, 0, PB)
and W (XA, PA, 0, 0) when XC = 3, respectively.
of W (0, PA, 0, PB) and W (XA, PA, 0, 0) for an outcome
on XC = 3 in Fig. 4(c) and 4(d). The Wigner function
show clearly negative values which is a real evidence of
the nG nature of the generated states.
In summary, we have theoretically revealed that the
triple-photon state produced by triple-photon genera-
tion is a pure super-Gaussian entangled state, robust to
optical losses [44]. Subsequently, we have proposed to
use projection measurements to prepare two-mode non-
Gaussian entangled states with tunable non-Gaussianity.
5Our results extend the boundaries of quantum optics and
have potential applications in quantum information pro-
cessing and quantum computing.
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